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Abstract. A background-independent, Lorentz-covariant
approach to compute conserved charges in odd-dimensional
AdS gravity, alternative to the standard counterterms
method, is presented. A set of boundary conditions on the
asymptotic extrinsic and Lorentz curvature, rather than a
Dirichlet boundary condition on the metric is used. With a
given prescription of the boundary term, a well-defined action
principle in any odd dimension is obtained. The same bound-
ary term regularizes the Euclidean action and gives the correct
black hole thermodynamics. The conserved charges are ob-
tained from the asymptotic symmetries through Noether the-
orem without reference to any background. For topological
AdS black holes the vacuum energy matches the expression
conjectured by Emparan, Johnson and Myers [1] for all odd
dimensions.
The development of background-independent meth-
ods to compute conserved charges for gravity has at-
tracted considerable attention in the recent literature.
A clear advantage of these methods over the time-
honored Hamiltonian approach [2] and other background-
substraction procedures [3], is that they do not require
to specify a reference background configuration.
Inspired in the AdS/CFT conjecture [4,5], the coun-
terterms method proposes a regularization scheme that
preserves general covariance [6]. Adding invariants of the
boundary metric to the bulk action (supplemented by the
Gibbons-Hawking term [7]) a finite stress tensor for AdS
spacetimes is obtained [1,8]. Even though this approach
correctly gives the conserved charges for a number of so-
lutions, its main drawback is the proliferation of possible
terms as the complexity of the solution and the spacetime
dimension increase (see, e.g., [9,10]), and the full series
for any dimension remains unknown.
On the other hand, the use of boundary conditions in
AdS gravity different from Dirichlet’s on the metric has
proved to be a good alternative to produce a finite ac-
tion principle [11–13]. In even dimensions, regularized
conserved charges are constructed for Einstein-Hilbert
and other theories with higher powers in the curvature,
imposing a boundary condition on the asymptotic cur-
vature. In this case, the action is supplemented by the
Euler term carrying different weight factors depending
on the theory.
The same approach cannot be applied to odd-
dimensional AdS gravity, because there are no topological
invariants of the Euler class in d = 2n + 1, a fact that
makes gravity in even and odd dimensions radically dif-
ferent. Obviously, it is always possible to add arbitrary
boundary terms to the bulk action, but unless there is
a clear guideline to construct them, this procedure faces
the same difficulties as the counterterms method.
New insight on the above problem was gained by the
introduction of a boundary condition for Chern-Simons-
AdS gravity [14]. In the spirit of the even-dimensional
case, where a single (boundary) term yields a finite ac-
tion principle for a family of inequivalent gravity theories,
one may expect that the same boundary term for Chern-
Simons gravity will also set a well-defined action principle
for General Relativity with Λ < 0 (indeed, both theories
coincide in three dimensions, and so do their boundary
terms).
In this article, we propose an alternative mechanism
to regularize the action and the conserved charges in
odd-dimensional Einstein-Hilbert-AdS gravity. A set of
boundary conditions on the asymptotic extrinsic and
Lorentz curvatures singles out the correct boundary term
in any odd dimension that solves at once the follow-
ing problems: (i) the variation of the action vanishes
on-shell, (ii) background-independent conserved charges,
which give the correct mass without need for substrac-
tions or ad hoc regularizations (iii) finite Euclidean ac-
tion, and the right entropy and thermodynamics for black
hole solutions.
Action principle. For any odd dimension, d = 2n+1,
the action for General Relativity with negative cosmolog-
ical constant is [15]
Ig =κ
∫
M
ǫˆA1...Ad(Rˆ
A1A2eA3 . . . eAd
+
d− 2
l2d
eA1 . . . eAd) + κα2n
∫
∂M
B2n (1)
where eA = eAµ dx
µ represents the vielbein and RˆAB =
RˆABµν dx
µ ∧ dxν is the 2-form Lorentz curvature con-
structed up from the spin connection ωAB = ωABµ dx
µ as
RˆAB = dωAB + ωACω
CB. The wedge product ∧ between
the differential forms is understood.
The gravitational bulk action has been supplemented
by an appropriate boundary term B2n, whose explicit
1
form relies on the boundary condition chosen to have a
well-defined action principle. The field equations for (1)
are obtained varying with respect to the dynamical fields,
eA and ωAB yields
δIG = κ
∫
M
εAδe
A + εABδω
AB + dΘ, (2)
where εA is the Einstein tensor,
εA = κǫˆAA2...Ad
(
RˆA2A3 +
1
l2
eA2eA3
)
eA4 ...eAd . (3)
Assuming that the vielbein is invertible, the equation
εAB = 0 simply implies that the torsion must vanish.
The surface term Θ contains two contributions, one
coming from integration by parts the bulk action, and
the other from original boundary term,
Θ = κ
(
ǫˆA1A2A3...Adδω
A1A2eA3 . . . eAd + α2nδB2n
)
. (4)
Boundary conditions. In what follows we will con-
sider a radial foliation of the spacetime, such that the
line element is written as
ds2 = N2(r)dr2 + hij(r, x)dx
idxj (5)
and we will adapt the vielbein to the boundary geome-
try, e1 = Ndr and ea = eai dx
i, where we have split the
tangent space indices as A = {1, a} and the spacetime
ones as µ = {r, i}.
The vanishing of torsion means that the spin connec-
tion is completely determined by the vielbein as ωABµ =
−eBν∇µe
A
ν , where ∇µ is the covariant derivative in the
Christoffel symbol. In particular, the components ω1a
are related to the vielbein at the boundary by
ω1a = −Kji e
a
jdx
i = −Ka (6)
where Kij is the extrinsic curvature that in the adapted
coordinates frame (5) is Kij = −
1
2N h
′
ij (a prime is used
to denote radial derivative).
The boundary term B2n must be expressible as a func-
tion of the vielbein, the spin connection and the Lorentz
curvature at the boundary. Its expression should match
the standard tensorial formulation, where the boundary
terms are written as local functions of the boundary met-
ric hij , the extrinsic curvatureKij and intrinsic curvature
Rklij of the boundary metric. Both languages are natu-
rally related if the rotational symmetry of the fields is
fixed by choosing a preferred frame at the boundary.
The second fundamental form (SFF) is defined as the
difference of two spin connections at the boundary,
θAB = ωAB − ω¯AB, (7)
where ωAB is the dynamical field and ω¯AB is a fixed ref-
erence at the boundary. Lorentz covariance is recovered
if ω¯AB is assumed to transform under SO(d−1, 1) in the
same way as ωAB. That does not occur if the generators
of Lorentz rotations are represented as functions of the
physical fields in phase space. In that case, ω¯AB would
not transform, thus breaking Lorentz covariance at the
boundary.
Inspired by the matching conditions that single out
the boundary term in the Euler theorem [16], we take a
connection ω¯AB such that at ∂M it satisfies
ω¯1a = 0, ω¯ab = ωab. (8)
This corresponds to the case where ω¯AB represents the
connection in a cobordant manifold that is locally a prod-
uct space of the boundary ∂M and a trivial extension
along the normal direction. Then the SFF has only ‘nor-
mal’ components,
θ1a = −Kai dx
i, θab = 0. (9)
As the boundary is located at fixed r, it does not ad-
mit form components containing dr. Thus, in ∂M ,
the Gauss-Coddazzi decomposition for the Riemann two-
form RˆAB is given by
Rˆ1a = Di(ω)θ
1a
j dx
i ∧ dxj , (10)
Rˆab =
(
Rabij + θ
a
i1θ
1b
j
)
dxi ∧ dxj . (11)
It must be stressed that the connection ω¯ab is only de-
fined at the boundary ∂M , where it matches the dynam-
ical ωab. This approach does not require to specify the
geometry of a background (vacuum solution) through-
out the spacetime M , as in the background substraction
aproach.
Equipped with these ingredients, we shall prove below
that the same Lorentz-covariant boundary term consid-
ered in [14] makes the action for GR stationary under
arbitrary variations of the fields:
B2n = −n
1∫
0
dt
t∫
0
dsǫˆθe
(
R+ t2θθ + s2
ee
l2
)n−1
. (12)
Here the Lorentz indices have been omitted to simplify
the notation ǫˆ =: ǫˆA1A2A3...Ad and θθ =: (θθ)
AB =
θACθ
CB. The integration over the continuous parameters
t, s in the interval [0, 1] gives the relative coefficients in
the series of terms in B2n. It will now be shown that
under the appropriate boundary conditions the surface
term Θ vanishes identically.
The total surface term (4) can be shown to be [17]
Θ = κǫδKe2n−1 − κα2nn
1∫
0
dtǫδKe
(
R−KK + t2
ee
l2
)n−1
+κα2nn
1∫
0
dttǫ(δKe−Kδe)
(
R− t2KK + t2
ee
l2
)n−1
(13)
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where ǫ is the Levi-Civita tensor of the boundary,
ǫa1...a2n = −ǫˆ1a1...a2n .
The action is to be varied under the asymptotic con-
ditions
Kij = δ
i
j (14)
δKij = 0 (15)
for the extrinsic curvature which, in view of (6), means
δKa = δea. Thus, the third term in (13) vanishes iden-
tically.
By definition, Kij is the Lie derivative along a nor-
mal to the boundary, Kij = Lnhij . Then the boundary
condition (14) means that the boundary admits a con-
formal Killing vector. In this sense, this boundary condi-
tion is holographic and was first introduced in the context
of odd-dimensional Chern-Simons-AdS gravity [14]. An
embedded manifold that satisfies this condition is also
known as totally umbilical [18].
Additionally, spacetime is assumed to be asymptoti-
cally locally anti-de Sitter (ALAdS),
Rˆab = Rab −KaKb = −
1
l2
eaeb. (16)
Then, Θ vanishes if the weight factor α2n is fixed as
α2n =
l2(n−1)
n
 1∫
0
dt(t2 − 1)n−1
−1 = (−l2)n−1 (2n− 1)!!
n!2n−1
,
(17)
and the action has indeed an extremum on-shell.
It is worth mentioning that the ALAdS condition re-
flects a local property at the boundary, but it does not
restrict the global topology of the spacetime manifold.
In fact, there is a wide class of solutions that satisfy this
condition, including black holes, black strings, Kerr-AdS,
Taub-NUT/Bolt-AdS, etc.
Conserved Charges. According to Noether’s theo-
rem, a conserved current associated to the invariance un-
der diffeomorphisms of a d-form Lagrangian L, is given
by [19,20]
∗J = −Θ(ϕ, δϕ)− IξL (18)
where Θ is the boundary term in (2) with the variations
of the fields given by their Lie derivatives, δϕ = −Lξϕ,
and Iξ is the contraction operator [21].
In this way, the current can be written as an exact
form, ∗J = dQ(ξ). As long as the fields are smooth in
the asymptotic region, the conserved charge takes the
form of a surface integral
Q(ξ) = κ
∫
∂Σ
ǫIξK
e2n−1 − α2nn 1∫
0
dte(Rˆ+ t2
ee
l2
)n−1

+α2nn
1∫
0
dttǫ (IξKe+KIξe)
(
R− t2KK + t2
ee
l2
)n−1
(19)
This expression defines a useful conserved charge if the
parameter ξ is an asymptotic Killing vector. In spite of
the freedom to add an arbitrary closed form to the cur-
rent, once a well-defined action principle is established,
Noether’s theorem leads to the correct conserved charges
[11–14]. Next, a concrete example is shown.
Topological Static Black Holes. Formula Eq.(19)
can be evaluated for static (topological) black holes
whose line element is given by
ds2 = ∆(r)2dt2 +
dr2
∆(r)2
+ r2dΣ2γ (20)
with ∆2 = γ− 2Gµ
r2(n−1)
+ r
2
l2
and dΣ2γ is the line element of
the (d−2)−dimensional transverse section Σγ of constant
curvature γ = ±1, 0, and volume Σd−2.
For ξ = ∂t, the charge has two pieces, Q(∂t) = E+E0,
coming from the first and the second line of (19). They
are the mass and the AdS zero point (vacuum) energy,
respectively. The mass is
E =
Σd−2
Ωd−2
µ, (21)
in agreement with the Hamiltonian [2] and also the
background-independent methods [1]. The zero point en-
ergy is given by
E0 = (−1)
n (2n− 3)!!
n!2n
Σd−2
Ωd−2G
γnl2(n−1). (22)
When expressed in units such that the entropy is S =
Area/4GN [15] this vacuum energy takes the form
E0 =
Σd−2
8πGN
(
(−γ)n
(2n− 1)!!2
(2n)!
)
l2(n−1), (23)
confirming the expression for all odd dimensions pro-
posed by Emparan, Johnson and Myers [1].
Black Hole Thermodynamics. Static black hole so-
lutions (20) possess an event horizon at r+ (∆
2(r+) = 0)
and whose topology is given by the transverse section
Σ. The black hole temperature T is defined by the re-
quirement that, in the Euclidean sector, the solution be
smooth at the horizon. This fixes the period of the Eu-
clidean time as
β = T−1 =
1
4π
(
d∆2
dr
∣∣∣∣
r+
)−1
=
2π[
n r+
l2
+ γ (n−1)
r+
] . (24)
In the canonical ensemble, the Euclidean action IE is
given by the free energy, IE = −βF = S − βE˜ that
defines the energy and the entropy of a black hole for a
fixed surface gravity (temperature). The Wick-rotated
version of the bulk action (1), evaluated on-shell is
IbulkE = −
β
(d− 2)G
Σd−2
Ωd−2
(
r2n
l2
)∣∣∣∣∞
r+
, (25)
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and the Euclidean boundary term
κα2nB
E
2n = −
β
(d− 2)G
Σd−2
Ωd−2
[
µG−
α2n
2
γn −
(
r2n
l2
)∣∣∣∣∞] ,
(26)
exactly cancels the divergence at radial infinity. Then,
using the fact that µ =
r
d−3
+
2G
(
γ +
r2+
l2
)
, the Euclidean
action is finite and given by
IE =
β
2(d− 2)G
Σd−2
Ωd−2
[
rd−3+ (r
2
+ − γ) + α2nγ
n
]
. (27)
The energy appears again shifted by a constant with re-
spect to the Hamiltonian mass,
E˜ = −
∂IE
∂β
= −
∂IE/∂r+
∂r+/∂β
=
Σd−2
Ωd−2
µ+ E0, (28)
where E0 turns out to be the same quantity found as the
vacuum energy in Eq.(23). Finally, the standard result
for the black hole entropy is recovered,
S =
2πrd−2+
(2n− 1)G
Σd−2
Ωd−2
=
rd−2+ Σd−2
4GN
=
Area
4GN
. (29)
Conclusions. A Lorentz-covariant boundary term
B2n for the GR action with negative cosmological con-
stant in 2n+1 dimensions is introduced. This renders the
action stationary on shell under arbitrary variations sub-
ject to a specific boundary conditions. This ”countert-
erm” is also shown to regularize the action as well as the
conserved charges associated to asymptotic symmetries
for Schwarzschild-AdS black holes and their topological
extensions.
The geometry is asymptotically locally AdS, and the
fields at the boundary ∂M are such that the spin con-
nection of the boundary is prescribed and ∂M admits
a conformal Killing vector in the radial direction (∂M
is totally umbilical). It is worth noticing that the con-
verse argument is also true: had we started with the
surface term coming from the variation of the bulk ac-
tion in Eq.(4), we would have been able to integrate out
the boundary term B2n from the variations of the fields
using the boundary condition (14) and the asymptotic
property (16).
It would be interesting to explore the implications
of this method in the context of AdS/CFT correspon-
dence and, in particular, the holographic reconstruction
in AdS spacetimes. Contrary to the formalism developed
by Henningson and Skenderis [6], where they solve the
asymptotic Einstein equations for the Dirichlet problem
(a given boundary metric), this time the initial data is a
given value of the extrinsic curvature at the boundary.
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